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Abstract
We consider a test of the Copernican Principle through observations of the large-scale structures,
and for this purpose we study the self-gravitating system in a relativistic huge void universe model
which does not invoke the Copernican Principle. If we focus on the the weakly self-gravitating
and slowly evolving system whose spatial extent is much smaller than the scale of the cosmological
horizon in the homogeneous and isotropic background universe model, the cosmological Newtonian
approximation is available. Also in the huge void universe model, the same kind of approximation
as the cosmological Newtonian approximation is available for the analysis of the perturbations
contained in a region whose spatial size is much smaller than the scale of the huge void: the
effects of the huge void are taken into account in a perturbative manner by using the Fermi-normal
coordinates. By using this approximation, we derive the equations of motion for the weakly self-
gravitating perturbations whose elements have relative velocities much smaller than the speed of
light, and show the derived equations can be significantly different from those in the homogeneous
and isotropic universe model, due to the anisotropic volume expansion in the huge void. We
linearize the derived equations of motion and solve them. The solutions show that the behaviors
of linear density perturbations are very different from those in the homogeneous and isotropic
universe model.
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I. INTRODUCTION
Most of modern cosmological models are based on the Copernican principle which states
the earth is not at a privileged position in the universe. The observed isotropy of the
Cosmic Microwave Background (CMB) radiation together with the Copernican principle
implies our universe is homogeneous and isotropic, if the small scale structures less than 50
Mpc are coarse-grained. Although the standard cosmology can explain a lot of observations
naturally, we should note that the Copernican principle on the scale larger than 1 Gpc has
not been confirmed. This means modern cosmology would contain systematic errors that
arise from the inhomogeneities of the universe. The systematic errors may mislead us when
we consider major issues in modern cosmology such as the determination of cosmological
parameters. Thus, it is an unavoidable task in modern precision cosmology to test the
Copernican principle.
In order to test the Copernican principle, we have to investigate non-Copernican cos-
mological models which drop the Copernican principle. Non-Copernican models commonly
assume that we live close to the center in a spherically symmetric spacetime since the uni-
verse is observed to be nearly isotropic around us. These models have also been studied as
an alternative to the model with the dark energy whose stress-energy tensor do not satisfy
the strong energy condition so that all of the observational results until now are explained
by the homogeneous and isotropic universe model in the framework of general relativity,
because some of them can explain the observation of Type Ia supernovae without intro-
ducing dark energy [1–14]. The non-Copernican models without dark energy have been
tested by observations on the CMB acoustic peaks [15–26], the present Hubble parameter
H0 [17, 18, 20, 21, 23], the galaxy correlations on the Baryon Acoustic Oscillations (BAO)
scale [17, 27, 28], the kinematic Sunyaev-Zeldovich (kSZ) effect [29–34] and others [35–56],
and consequently significant observational constraints on these models exist. However, it
should be noted that even if there are dark energy components, the existence of the large
spherical inhomogeneity may significantly affects observational results (see e.g. Ref. [57, 58]).
The huge void universe model which assumes we live near the symmetry center of the spher-
ically symmetric void whose size is comparable to the radius of the cosmological horizon
is known as the most popular non-Copernican model. In this paper, we consider the huge
void universe model based on the Lemaˆıtre-Tolman-Bondi (LTB) solution which is an exact
solution of the Einstein equations for the spherically symmetric spacetime filled with dust.
Growth of the large-scale structures in the universe can be thought of as one of the most
useful tools to examine the huge void universe model, because the evolution of perturbations
is expected to reflect the tidal force field in the background spacetime: The tidal force comes
from the Weyl curvature, and hence there is the tidal force field, or simply, the tidal field
in the huge void universe model but not in the homogeneous and isotropic universe model.
Recently, linear perturbations in the LTB cosmological model and the observations related
to them have been studied by several researchers [43, 59–67].
In our universe, there are well developed nonlinear structures, such as galaxies, clusters
of galaxies and superclusters. In the standard cosmology based on the homogeneous and
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isotropic universe model often called Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) uni-
verse model, the dynamical evolutions of the perturbations corresponding to those structures
are commonly studied by using the cosmological Newtonian approximation. The cosmolog-
ical Newtonian approximation is applicable to the analysis of the dynamics of the perturba-
tions which satisfy the following conditions (see, for example Ref. [68] and Refs. [69–72] for
the Post-Newtonian extension);
1. the length scale of the system is much smaller than the radius of the cosmological
horizon of the background universe model;
2. the elements of the system have relative velocities much smaller than the speed of light
and energy densities much larger than the stresses;
3. the self-gravity of the system is not negligible but very weak.
Hereafter, we call the perturbations to which the cosmological Newtonian approximation is
applicable the cosmological Newtonian system or the cosmological Newtonian perturbations.
The equations of motion obtained by the cosmological Newtonian approximation for dark
matter components are solved by the N -body simulation, and their results have been com-
pared with observational results of galaxy clustering. The cosmological Newtonian systems
have also been studied by some analytic approaches such as the linear approximation and the
Zel’dovich approximation, and these analyses have helped us to understand its gravitational
instability. However, there is no practical approximation scheme to study the “cosmological
Newtonian system” in the huge void universe model, and hence we propose the one in this
paper.
Although the huge void can be a non-linear structure and necessarily relativistic, a similar
approximation as the cosmological Newtonian approximation is available to the perturba-
tions in the huge void universe model, if the conditions similar to the three conditions for
the validity of the cosmological Newtonian approximation are satisfied. However in the
case of the huge void universe model, the first condition for the cosmological Newtonian
approximation should be revised as follows;
1. the length scale of the system is much smaller than the spacetime curvature radius R
of the background universe model.
Note that R is not necessarily spatially constant and hence the original condition is a subset
of the revised one. In the above condition, it is implicitly assumed that the length scale
of the system is so small that R is almost spatially constant within the system. The tidal
force produced by the void structure can be treated in a perturbative manner in the system
that satisfies the revised condition 1, and such a perturbation scheme has been developed
in studying weakly self-gravitating systems of the mass m in the tidal field produced by a
black hole with the mass much larger than m by using the Fermi-normal coordinates [73, 74].
Hereafter, following Ref. [74], we call this approximation scheme the tidal approximation and
will apply it to our problem. Hereafter, we call the system to which the tidal approximation
is applicable simply the Newtonian system or the Newtonian perturbations. Of course, the
3
Newtonian system implicitly corresponds to a galaxy, a cluster of galaxies or a supercluster,
etc, in the huge void.
We denote the size and the typical velocity of the Newtonian system relative to the back-
ground by ℓN and vN, respectively. Then we introduce two non-negative small parameters
defined as
ǫ :=
|vN|
c
, (1)
κ :=
ℓN
R , (2)
where c is the speed of light. We note that both of the parameters ǫ and κ are used as the
expansion parameters of the tidal approximation.
This paper is organized as follows. In § II, after the brief review of the Fermi-normal
coordinates, we introduce the Fermi-normal coordinates in the huge void universe model. In
§ III, we derive a set of equations governing the Newtonian system in the huge void universe
model for three cases, ǫ ≫ κ, ǫ ≃ κ and ǫ ≪ κ, individually. In § IV, we solve the derived
equations by using the linear approximation and investigate the growth of the vorticity field
and the density perturbations. § V is devoted to conclusion and discussion.
In this paper, we use the geometrized unit in which both of the speed of light and the
Newton’s gravitational constant are one, but if necessary, we recover them: The speed of light
and the Newton’s gravitational constant are denoted by c and G, respectively. The Latin
indices denote the spatial components, whereas the Greek indices represent the spacetime
components.
II. THE LTB SOLUTION IN FERMI-NORMAL COORDINATES
A. Definition of Fermi-normal coordinates
First of all, we briefly review the Fermi-normal coordinates and the coordinate transfor-
mation from arbitrary coordinates to it (see, for detail, Refs. [75–79]). In this section, we
denote the Fermi-normal coordinates by xµ and the other by xµ
′
.
Let γ be a timelike geodesic; the components of its tangent vector with respect to the
coordinate basis ∂/∂xµ
′
are denoted by
uµ
′
=
dxµ
′
dτ
, (3)
where τ is the proper time measured along γ. Then, we erect a parallelly transported
orthonormal tetrad basis eµ
′
(α) on γ:
gµ′ν′e
µ′
(α)e
ν′
(β) = η(α)(β) and u
µ′∇µ′eν′(α) = 0, (4)
where η(α)(β) = diag[−1, 1, 1, 1], and we assume eµ
′
(0) = u
µ′ . As usual, we denote the inverse
matrix η(α)(β) by η
(α)(β). Then, we define e(α)µ
′
= η(α)(β)eµ
′
(β).
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In order to define the Fermi-normal coordinates which cover the neighborhood of γ, we
focus on an event P connected to γ by an unique spacelike geodesic β which orthogonally
intersects γ.1 We call the intersection between γ and β the event Q. The components of the
unit vector tangent to β with respect to the coordinate basis ∂/∂xµ
′
are denoted by
nµ
′
=
dxµ
′
ds
, (5)
where s is the proper length measured along β. We choose the origin of s so that s = 0 at
Q. The components of the unit vector tangent to β with respect to the tetrad basis at s = 0
is given in the form
e
(α)
µ′ n
µ′ |s=0 =
(
0,Ωi
)
(6)
by its definition. Note that Ωi is normalized in the sense of δijΩ
iΩj = 1. Conversely, nµ
′
at
s = 0 is written as
nµ
′
∣∣∣
s=0
= Ωieµ
′
(i). (7)
We denote the proper time of γ at the event Q by τ , whereas the proper length from Q to
P along β is denoted by s. Then, the values of the Fermi-normal coordinates at the event
P are defined as
x0 = τ and xi = s Ωi. (8)
The timelike geodesic γ is called the fundamental timelike geodesic of this Fermi-normal
coordinates.
In order to relate the original coordinates xµ
′
to the Fermi-normal coordinates defined as
Eq. (8), we solve the geodesic equation to determine β and obtain the solution in the form
of the Maclaurin series as follows. The geodesic equation in the original coordinates xµ
′
is
d2xµ
′
ds2
+ Γµ
′
α′β′
dxα
′
ds
dxβ
′
ds
= 0. (9)
We write the solution xµ
′
(s) and Γµ
′
α′β′
(
xρ
′
(s)
)
in the forms of the Maclaurin series, respec-
tively, as
xµ
′
(s) =
∑
N=0
sN
N !
(
d
dsN
xµ
′
)∣∣∣∣
s=0
=:
∑
N=0
sN
N !
xµ
′
(N), (10)
Γµ
′
α′β′
(
xρ
′
(s)
)
=
∑
N=0
sN
N !
(
d
dsN
Γµ
′
α′β′
)∣∣∣∣
s=0
. (11)
From Eq. (7), we have
xµ
′
(1) = Ω
ieµ
′
(i). (12)
1 If there is no such an unique spacelike geodesic, P is not in the domain covered by the Fermi-normal
coordinates associated to γ.
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By substituting Eqs. (10) and (11) into Eq. (9) and by using Eq. (12), we obtain
xµ
′
(2) = − Γµ
′
α′β′
∣∣∣
s=0
eα
′
(i)e
β′
(j)Ω
iΩj , (13)
xµ
′
(3) =
(
2 Γµ
′
α′β′
∣∣∣
s=0
Γβ
′
γ′δ′
∣∣∣
s=0
− ∂δ′Γµ
′
α′γ′
∣∣∣
s=0
)
eα
′
(i)e
γ′
(j)e
δ′
(k)Ω
iΩjΩk. (14)
By substituting Eqs. (12)–(14) into Eq. (10) and by using Eq. (8), we obtain
xµ
′
= xµ
′
(0) + e
µ′
(i)x
i − 1
2
Γµ
′
α′β′
∣∣∣
s=0
eα
′
(i)e
β′
(j)x
ixj
+
1
6
(
2 Γµ
′
α′β′
∣∣∣
s=0
Γβ
′
γ′δ′
∣∣∣
s=0
− ∂δ′Γµ′α′γ′
∣∣∣
s=0
)
eα
′
(i)e
γ′
(j)e
δ′
(k)x
ixjxk +O (|x|4) , (15)
where
|x|2 := δijxixj .
By differentiating Eq. (15) with respect to x0, we obtain
∂xµ
′
∂x0
=
∂xµ
′
(0)
∂x0
+ xi
∂
∂x0
eµ
′
(i) −
1
2
xixj
∂
∂x0
(
Γµ
′
α′β′
∣∣∣
s=0
eα
′
(i)e
β′
(j)
)
+ O (|x|3) ,
= eµ
′
(0) − Γµ
′
α′β′
∣∣∣
s=0
eα
′
(0)e
β′
(j)x
j − 1
2
(
∂δ′Γ
µ′
α′β′ − 2Γµ
′
α′τ ′Γ
τ ′
δ′β′
)∣∣∣∣
s=0
eδ
′
(0)e
α′
(j)e
β′
(k)x
jxk
+ O (|x|3) , (16)
where in the second equality we have used the relations
∂
∂x0
eν
′
(j)
∣∣∣
s=0
= − Γν′α′β′
∣∣∣
s=0
eα
′
(0)e
β′
(j) and
∂
∂x0
Γµ
′
α′β′
∣∣∣
s=0
= eδ
′
(0) ∂δ′Γ
µ′
α′β′
∣∣∣
s=0
. (17)
By differentiating Eq. (15) with respect to xi, we obtain
∂xµ
′
∂xi
= eµ
′
(i) − Γµ
′
α′β′
∣∣∣
s=0
eα
′
(i)e
β′
(j)x
j
+
1
6
(
4Γµ
′
α′τ ′Γ
τ ′
δ′β′ + 2Γ
µ′
δ′τ ′Γ
τ ′
α′β′ − 2∂α′Γµ
′
δ′β′ − ∂δ′Γµ
′
α′β′
)∣∣∣
s=0
eδ
′
(i)e
α′
(j)e
β′
(k)x
jxk
+O(|x|3). (18)
Eqs. (16) and (18) are written in the following unified form;
∂xµ
′
∂xν
= eα
′
(ν)
[
δµ
′
α′ − Γµ
′
α′β′
∣∣∣
s=0
eβ
′
(j)x
j − 1
2
(
∂α′Γ
µ′
β′γ′ − 2Γµ
′
β′δ′Γ
δ′
α′γ′
)∣∣∣∣
s=0
eβ
′
(j)e
γ′
(k)x
jxk
− 1
3
(
δδ
′
α′ + e
δ′
(0)e(0)α′
)
Rδ′β′γ′
µ′eβ
′
(j)e
γ′
(k)x
jxk
]
+O (|x|3) . (19)
Eq. (19) is the coordinate transformation matrix for the covariant components of any tensors
from the original coordinates xµ
′
to the Fermi-normal coordinates xν .
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B. Components of stress-energy and metric tensors in Fermi-normal coordinates
The components of the stress-energy tensor with respect to the original coordinate basis
is written as
Tµ′ν′ = ρ
′uµ′uν′, (20)
where ρ′(xµ
′
) and uµ
′
(xν
′
) are the energy density and the 4-velocity field of the dust, respec-
tively.
We compute the components of the 4-velocity field of the dust with respect to the Fermi-
normal coordinates by using the coordinate transformation (19) first. The covariant com-
ponents of the 4-velocity uµ in the Fermi-normal coordinates are given as
uµ(x
ρ) =
∂xν
′
∂xµ
uν′(x
ρ′). (21)
The covariant components uν′ with respect to the original coordinate basis is written in the
form of the Maclaurin series around the fundamental timelike geodesic γ, i.e., s = 0 as
uν′(x
ρ′) = uν′|s=0 + ∂α′uν′|s=0 δxα
′
+
1
2
∂α′∂β′uν′|s=0 δxα
′
δxβ
′
+ · · ·, (22)
where δxα
′
is defined as
δxα
′
:= xα
′ − xα′
∣∣∣
s=0
= eα
′
(j)x
j − 1
2
Γα
′
τ ′ρ′e
τ ′
(j)e
ρ′
(k)x
jxk +O (|x|3) , (23)
where we have used Eq. (15) in the second equality. By substituting Eqs. (19), (22) and
(23) into Eq. (21), we obtain
uµ(x
ρ) = uα′ |s=0 eα
′
(µ) +
(
∂β′uα′ − Γτ ′α′β′uτ ′
)∣∣∣
s=0
eα
′
(µ)e
β′
(j)x
j +O (|x|2) . (24)
The energy density ρ in the Fermi-normal coordinates is given by
ρ(xµ) = ρ′(xµ
′
)
= ρ′(xµ
′
)
∣∣∣
s=0
+ ∂α′ρ
′(xµ
′
)
∣∣∣
s=0
δxα
′
+ · · ·
= ρ′(xµ
′
)
∣∣∣
s=0
+ ∂α′ρ
′(xµ
′
)
∣∣∣
s=0
eα
′
(j)x
j +O (|x|2) , (25)
where we have used Eq. (23) in the second equality.
After lengthy but straightforward calculations, we obtain the metric in the Fermi-normal
coordinates as
g00 = −1 − Rˆ0i0jxixj +O
(|x|3) , (26a)
g0i = −2
3
Rˆ0jikx
jxk +O (|x|3) , (26b)
gij = δij − 1
3
Rˆikjlx
kxl +O (|x|3) , (26c)
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where Rˆµνρσ is defined as
Rˆµνρσ(x
0) := eα
′
(µ)e
β′
(ν)e
γ′
(ρ)e
δ′
(σ) Rα′β′γ′δ′ |s=0 , (27)
where Rα′β′γ′δ′ represents the components of the Riemann tensor with respect to the original
coordinate basis ∂/∂xµ
′
. For later convenience, we define hBµν as
hB00 := −Rˆ0i0jxixj , hB0i := −
2
3
Rˆ0jikx
jxk, hBij := −
1
3
Rˆikjlx
kxl. (28)
As mentioned in § I, we consider the perturbations of the length scale ℓN ≪R, and hence
we have introduced a small parameter κ by Eq. (2). If we analyze the behaviors of such
perturbations in the Fermi-normal coordinates, the condition |x| = O(ℓN) ≪ R is always
satisfied in the domain of our interest. Hence we have
hBµν = O
( |x|2
R2
)
= O(κ2). (29)
Then, by adopting κ as a book-keeping parameter which will be taken out of equations
after counting the order of magnitude, and by using Eqs. (28) and (29), we rewrite the
components of the metric tensor given in Eqs. (26a)–(26c) as
gµν = ηµν + h
B
µν +O(κ3). (30)
If we will analyze the only leading order effects, we can ignore the higher order terms with
respect to κ.
C. The Fermi-normal coordinates in the huge void universe model
Here, we perform the coordinate transformation from the original coordinates of the huge
void universe model based on the LTB solution to the Fermi-normal ones. The line element
of the LTB solution is given in the synchronous comoving coordinates as follows;
ds2 = −dt′2 + [∂r′R(t
′, r′)]2
1− k(r′) dr
′2 +R2(t′, r′)
(
dθ′2 + sin2 θ′dφ′2
)
, (31)
where we have denoted the original coordinates by (x0
′
, x1
′
, x2
′
, x3
′
) = (t′, r′, θ′, φ′). For later
convenience, we define Hubble functions as
H‖(t
′, r′) :=
∂t′∂r′R(t
′, r′)
∂r′R(t′, r′)
, (32)
H⊥(t
′, r′) :=
∂t′R(t
′, r′)
R(t′, r′)
. (33)
As mentioned, the spacetime is filled with dust whose stress-energy tensor is given by (20).
The original synchronous and comoving coordinates are chosen so that the components of
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the 4-velocity field is given by uµ
′
= δµ
′
0′ . Each fluid element of the dust moves along a
timelike geodesic whose unit tangent vector agrees with uµ
′
.
We choose a world line of a fluid element of the dust which stays at constant spatial co-
ordinates (r′, θ′, φ′) = (r′o, θ
′
o, φ
′
o) as the fundamental timelike geodesic γ. It should be noted
that since the original time coordinate t′ agrees with the proper time of the fundamental
timelike geodesic γ, t′ along γ agrees with the time coordinate x0 of the Fermi-normal coor-
dinate system. Then, the following parallelly transported tetrad basis is convenient for our
purpose;
eµ
′
(0) = (1, 0, 0, 0), (34a)
eµ
′
(1) =
(
0,
√
1− k(r′o)/∂r′R(t′, r′o), 0, 0
)
, (34b)
eµ
′
(2) = (0, 0, 1/R(t
′, r′o), 0) , (34c)
eµ
′
(3) = (0, 0, 0, 1/R(t
′, r′o) sin θ
′
o) . (34d)
In the previous subsection, we have obtained the energy density and the components of
4-velocity field in the Fermi-normal coordinates as Eqs. (24) and (25) in the form of the
Maclaurin series with respect to the spatial coordinates xi. Here, we should note that the
term of the higher power in this series corresponds to the higher order term with respect to
the parameter κ defined as Eq. (2) in the case of the huge void universe model. The size of
the void is the same order as the cosmological horizon scale. Since the cosmological horizon
scale is the same order as the spacetime curvature radius R, and hence the n-th spatial
derivatives of uµ
′
and ρ′ are the same orders as themselves divided by Rn, respectively.
Since, as mentioned, |x|/R = O(κ), we have
(xi∂i)
nuµ
′
= O(κnuµ′) and (xi∂i)nρ′ = O(κnρ′). (35)
By substituting Eqs. (20) and (34a)–(34d) into Eq. (25), the energy density ρ in the
Fermi-normal coordinates is given by
ρ(xµ) = ρB(x
0) +
[(√
1− k(r′)
∂r′R(t′, r′)
)
∂r′ρ
′(t′, r′)
]∣∣∣∣∣
t′=x0,r′=r′o
x1 +O (κ2ρB) , (36)
where
ρB(x
0) := ρ′(t′, r′)|t′=x0,r′=r′o . (37)
By substituting Eqs. (20) and (34a)–(34d) into Eq. (24), we obtain the components of
the 4-velocity field in the Fermi-normal coordinates as
u0(xµ) = 1 +O(κ2), (38a)
u1(xµ) = HB‖ (x
0)x1 +O(κ2), (38b)
u2(xµ) = HB⊥(x
0)x2 +O(κ2), (38c)
u3(xµ) = HB⊥(x
0)x3 +O(κ2), (38d)
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where we have defined two kinds of local Hubble functions as
HB‖ (x
0) := H‖(t
′, r′)
∣∣
t′=x0,r′=r′o
, (39)
HB⊥(x
0) := H⊥(t
′, r′)|t′=x0,r′=r′o . (40)
For later discussion, we define the 3-velocity as
vi :=
ui
u0
. (41)
By using Eqs. (38a)–(38d), the 3-velocity vi in the Fermi-normal coordinates is given by
vi = H ij(x
0)xj +O(κ2), (42)
where we have introduced H ij defined as
H ij(x
0) :=


HB‖ (x
0) 0 0
0 HB⊥(x
0) 0
0 0 HB⊥(x
0)

 . (43)
By substituting Eqs. (31) and (34a)–(34d) into Eq. (28) and by computing Riemann
tensors in the original coordinates, we obtain hBµν as
hB00 = −K1(x0)(x1)2 −K2(x0)
[
(x2)2 + (x3)2
]
, (44a)
hB01 = 0 = h
B
02 = h
B
03 , (44b)
hB11 = −
1
3
K3(x
0)
[
(x2)2 + (x3)2
]
, (44c)
hB12 =
1
3
K3(x
0)x1x2, (44d)
hB13 =
1
3
K3(x
0)x1x3, (44e)
hB22 = −
1
3
K3(x
0)(x1)2 − 1
3
K4(x
0)(x3)2, (44f)
hB23 =
1
3
K4(x
0)x2x3, (44g)
hB33 = −
1
3
K3(x
0)(x1)2 − 1
3
K4(x
0)(x2)2, (44h)
where K1(x
0), K2(x
0), K3(x
0) and K4(x
0) are defined as
K1(x
0) = − ∂
2
t′∂r′R(t
′, r′)
∂r′R(t′, r′)
∣∣∣∣
t′=x0,r′=r′o
, (45)
K2(x
0) = − ∂
2
t′R(t
′, r′)
R(t′, r′)
∣∣∣∣
t′=x0,r′=r′o
, (46)
K3(x
0) =
[
H‖(t
′, r′)H⊥(t
′, r′) +
∂r′k(r
′)
2R(t′, r′)∂′rR(t′, r′)
]∣∣∣∣
t′=x0,r′=r′o
, (47)
K4(x
0) =
[
H2⊥(t
′, r′) +
k(r′)
R2(t′, r′)
]∣∣∣∣
t′=x0,r′=r′o
. (48)
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From Eq. (15), the original coordinates are related to the Fermi-normal coordinates by
t′ = x0 − κ
2
[
(x1)2HB‖ (x
0) +
{
(x2)2 + (x3)2
}
HB⊥(x
0)
]
+O (κ2|x|) , (49)
r′ − r′o =
√
1− k(r′o)
∂r′R(x0, r′)|r′=r′
0
x1 +O (κ|x|) , (50)
θ′ − θ′o =
1
R(x0, r′o)
x2 +O (κ) , (51)
φ′ − φ′o =
1
R(x0, r′o) sin θ
′
o
x3 +O (κ) . (52)
We derive the basic equations up to the leading order with respect to κ for the LTB
solution in the Fermi-normal coordinates. For this purpose, we denote the leading order of
the 3-velocity vi by viB, i.e.,
viB(x
µ) := H ij(x
0)xj , (53)
and define the “gravitational potential” ΦB as
ΦB(x
µ) := −1
2
hB00(x
µ). (54)
The Einstein equations for the LTB solution lead to
1
3
∂2t′∂r′R(t
′, r′)
∂r′R(t′, r′)
+
2
3
∂2t′R(t
′, r′)
R(t′, r′)
= −4π
3
ρ(t′, r′), (55)
∂t′ρ(t
′, r′) +
[
H‖(t
′, r′) + 2H⊥(t
′, r′)
]
ρ(t′, r′) = 0. (56)
Then from Eq. (56), we have the leading order of the energy conservation law in the form
∂0ρB + ∂j
(
ρBv
j
B
)
= 0. (57)
By using Eqs. (43) and (44a), we obtain the relation between viB and ΦB, which corresponds
to the Euler equations, as
∂0v
i
B + v
j
B∂jv
i
B = −∂iΦB. (58)
By using Eq. (55), we obtain the relation between ρB and ΦB, which corresponds to the
Poisson equation for the gravitational potential, as
∇2ΦB = 4πρB, (59)
where ∇2 = δij∂2/∂xi∂xj . By definition of ΦB, we have ∇2ΦB = O(R−2). Hence, from
Eq. (59), we have
ρB = O(R−2). (60)
From Eqs. (57)–(59), we can see that the leading order of the basic equations for the LTB
solution in the Fermi-normal coordinates take the same forms as those of equations for the
Newtonian self-gravitating system of the homogeneous dust fluid.
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III. BASIC EQUATIONS FOR THE PERTURBATIONS IN THE HUGE VOID
UNIVERSE MODEL BY THE TIDAL APPROXIMATION
In this section, we derive the basic equations governing the Newtonian perturbations in
the huge void universe model based on the LTB solution in the framework of the tidal ap-
proximation. Hereafter, we assume that the background huge void universe model is covered
by the Fermi-normal coordinates and denote the background quantities by the symbols with
an over-bar. The components of the metric tensor of the huge void universe model with the
Newtonian perturbations is written in the form
gµν = g¯µν + h
N
µν . (61)
The energy density and the components of the 4-velocity field of the dust are written as
ρ = ρ¯+ ρN, (62)
uµ = u¯µ + δuµ. (63)
Then the stress-energy tensor of the dust is
T µν = T¯ µν + δT µν , (64)
where
T¯ µν = ρ¯u¯µu¯ν , (65)
δT µν = ρ¯
(
2u¯(µδuν) + δuµδuν
)
+ ρN(u¯
µ + δuµ)(u¯ν + δuν). (66)
As shown in the previous section, the components of the metric and stress-energy tensors of
the background up to the non-trivial leading order are given by
g¯µν = ηµν + h
B
µν , (67)
T¯ 00 = ρB = O(R−2), (68)
T¯ 0i = ρBv
i
B = O(κR−2), (69)
T¯ ij = ρBv
i
Bv
j
B = O(κ2R−2). (70)
A. Ordering of the magnitude of the Newtonian perturbations
We should note that there are two time-scales in the Newtonian system of our interest.
One is the timescale necessary to cross the length scale of the spacetime curvature radius
with the speed of light, and another one is that to cross the system with the typical velocity
vN of the perturbations relative to the background;
T := R
c
and tN :=
ℓN
vN
. (71)
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By their definitions, we have
T
tN
=
ǫ
κ
. (72)
The typical dynamical timescale of the background is T . By contrast, that of the perturba-
tions will be equal to the shorter one of T and tN; if the effect of the spacetime curvature of
the background, which appear as the anisotropic volume expansion of the background space,
is more important than that of the self-gravity of the perturbations, the typical timescale of
the evolution of the perturbations will be T , whereas if it is not so important, the evolutions
of the perturbations are determined by their self-gravity, and hence their typical dynamical
timescale will be tN.
We see from the above considerations that the order of magnitude of the time derivative
of any quantity related to the perturbations is related to the order of magnitude of its spatial
derivative in the manner,
∂ψ
∂x0
=


O
(
ǫ
∂ψ
∂xi
)
for ǫ≫ κ,
O
(
κ
∂ψ
∂xi
)
for ǫ≪ κ,
(73)
where ψ is a representative quantity related to the perturbations. Hence, we will consider
separately the three cases, ǫ≫ κ, ǫ ≃ κ and ǫ≪ κ, later.
It is not so difficult to find examples of those three cases in our universe. An example
of the first case is the solar system. The orbital speed of the earth is 30km/s, and the
corresponding value of the parameter ǫ is about 10−4, whereas the mean spacetime curvature
radius of the universe, or roughly speaking, the cosmological horizon scale is equal to 3Gpc,
and corresponding value of the parameter κ is about 1AU/3Gpc=2.0×10−15. An example
of the second case is the cluster of galaxies in which the velocity dispersion of galaxies is
approximately 1000km/s and spatial scale is about 10Mpc, and hence we have ǫ ≃ κ ≃
3.0 × 10−3. An example of the third case is the structure on the BAO scale whose velocity
dispersion is approximately 600km/s and the spatial scale is about 100Mpc. Thus we have
ǫ ≃ 2× 10−3 ≪ κ ≃ 3× 10−2.
We define the perturbation of 3-velocity field viN in the huge void universe model as
viN := v
i − v¯i, (74)
where vi is the 3-velocity defined in the manner of Eq. (41), and v¯i := u¯i/u¯0 is the background
one given by
v¯i = viB +O(κ2). (75)
As mentioned, we assume
viN = O(ǫ). (76)
It is a little complicated to determine the order of magnitude of the density perturbation
ρN. The Newtonian dynamics holds up to the leading order in the sufficiently small domain
13
of the background as can be seen from Eqs. (57)–(59), and the Newtonian perturbations are
also almost governed by the Newtonian dynamics by its definition. Hence the virial relation
nearly holds in the whole system including both of the background and the Newtonian
perturbations;
Gρℓ2N
c2
≃ δijv
ivj
c2
. (77)
Since the background quantities should satisfy the virial relation by only themselves, Eq. (77)
leads to
GρNℓ
2
N
c2
≃ δij
(
2
v¯i
c
vjN
c
+
viN
c
vjN
c
)
. (78)
Hence, in the geometrized unit, we have
ρN =

 O(ǫ
2ℓ−2N ) for ǫ≫ κ,
O(κǫℓ−2N ) for ǫ≪ κ.
, (79)
We see from Eqs. (60) and (79) that the order of magnitude of the density contrast is
estimated at
ρN
ρ¯
=

 O(κ
−2ǫ2)≫ 1 for ǫ≫ κ,
O(κ−1ǫ)≪ 1 for ǫ≪ κ.
, (80)
Equation (80) implies that the absolute value of the density contrast is much smaller than
unity only if the inequality ǫ≪ κ holds. This is the same situation as that of the cosmological
Newtonian approximation pointed out by Shibata and Asada [71].
The order of magnitude of hNµν is determined through the Einstein equations, after fixing
the gauge freedom of the perturbations. It should be noted that we have not yet fixed the
coordinate system for the whole system composed of the background and perturbations,
although the background is covered by the Fermi-normal coordinates. This means that we
have not yet fixed the gauge freedom of the perturbations.
We fix the gauge freedom as follows. By the definition of the Newtonian perturbations,
|hNµν | should be much smaller than unity, and we neglect the nonlinear terms with respect to
hNµν since, as mentioned, we derive the basic equations for the Newtonian perturbations up
to the leading order. The infinitesimal gauge transformation xµ → xµ + ξµ causes a change
in hNµν as
hNµν → hNµν + ∂µξν + ∂νξµ − 2Γ¯αµνξα, (81)
where ξµ = g¯µνξ
ν is the smooth vector field, and Γ¯αµν is the connection of the background
metric g¯µν . Because of Γ¯
α
µν = O(κ2), the leading order of the gauge transformation with
respect to κ is given by
hNµν → hNµν + ∂µξν + ∂νξµ. (82)
In this paper, in order to fix the gauge freedom, we impose a condition which is the same
form as the linearized harmonic condition in the Minkowski background;
∂µ
(
hNµν −
1
2
ηµνη
αβhNαβ
)
= 0, (83)
where ∂µ = ηµν∂ν .
2 The Einstein tensor can be decomposed into the form, Gµν = G¯µν +
δGµν , where G¯µν and δGµν denote the Einstein tensor of the background and that of the
perturbations, respectively. Up to the leading order, δGµν is given by
δGµν = −1
2
ηαβ∂α∂β
(
hNµν −
1
2
ηµνη
ρσhNρσ
)
≃ −1
2
∇2
(
hNµν −
1
2
ηµνη
ρσhNρσ
)
, (84)
where we neglected the terms differentiated with respect to the time coordinate in accordance
with Eq. (73).
B. The basic equations for the Newtonian perturbations
In the previous subsection, we showed that the order of magnitude of the time derivatives
of the Newtonian perturbations and that of the energy density of the Newtonian perturba-
tions depend on which of ǫ or κ is large. In this subsection, we derive the basic equations
for the three cases, ǫ≫ κ, ǫ ≃ κ and ǫ≪ κ, separately.
In order to derive the leading order of the basic equations for the Newtonian perturba-
tions, we need only the conservation laws ∇µT µν = 0 and the (00) component of the Einstein
equations;
∂0ρ+ ∂i(ρv
i) = ρ
[−Γµµ0 − Γµµivi + (Γ000 + 2Γ00ivi + Γ0ijvivj)] , (85)
∂0v
i + vj∂jv
i = −Γi00 − 2Γi0jvj − Γijkvjvk +
(
Γ000 + 2Γ
0
0jv
j + Γ0jkv
jvk
)
vi, (86)
G00 = 8πT00, (87)
The other components of the Einstein equations give only the higher order corrections to
the basic equations.
1. In the case of ǫ≫ κ
In the case of ǫ ≫ κ, the stress-energy tensor of the Newtonian perturbations up to the
leading order are given by
δT 00 = ρN = O(ǫ2ℓ−2N ), (88)
δT 0i = ρNv
i
N = O(ǫ3ℓ−2N ), (89)
δT ij = ρNv
i
Nv
j
N = O(ǫ4ℓ−2N ). (90)
2 It is worthwhile to notice that Eq. (83) coincides with the the harmonic condition ∂µ(
√−ggµν) = 0 up
to the leading order with respect to hN
µν
, only if the inequality ǫ ≫ κ holds. Despite this fact, since, in
the case of the Newtonian system, the slow motion approximation is valid by its definition, the condition
(83) uniquely fixes the gauge freedom by imposing a suitable boundary condition as in the case of the
harmonic condition in the Minkowski background [80].
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Then, by using Eqs. (84) and (88)–(90), the leading order of the Einstein equations for the
Newtonian perturbations, δGµν = 8πδTµν , lead to
∇2
(
hN00 +
1
2
ηαβhNαβ
)
= −16πρN, (91)
∇2 hN0i = −16πρNvNi , (92)
∇2
(
hNij −
1
2
δijη
αβhNαβ
)
= −16πρNvNi vNj , (93)
where we have introduced vNi := v
i
N for the notational consistency. It is seen from Eqs. (88)–
(90) and (91)–(93) that the order of magnitude of each component of hNµν is
hN00 = O(ǫ2), hN0i = O(ǫ3), δijhNij = O(ǫ2), hNij −
1
3
δijδ
klhNkl = O(ǫ4). (94)
By subtracting the background equations (57), (58) and (59) from Eqs. (85)–(87), we
obtain, in accordance with the ordering (73), (76), (79) and (94), the leading order of the
basic equations governing the Newtonian perturbations as
∂0ρN + ∂i
(
ρNv
i
N
)
= 0, (95)
∂0v
i
N + v
j
N∂jv
i
N = −∂iΦN, (96)
∇2ΦN = 4πρN. (97)
where
ΦN := −hN00/2 (98)
corresponds to the Newtonian gravitational potential, and ∂i := ∂i. Equations (95)–(97) are
the same as the basic equations for the gravitating dust in the framework of the Newtonian
theory of gravity. The effects of the tidal field of the background spacetime do not appear
up to the leading order.
2. In the case of ǫ ≃ κ
In this case, the number of parameters characterizing the system becomes only one; we
replace κ by ǫ. The leading order of the stress-energy tensor is given by
δT 00 = ρN = O(ǫ2ℓ−2N ), (99)
δT 0i = ρBv
i
N + ρN
(
viB + v
i
N
)
= O(ǫ3ℓ−2N ), (100)
δT ij = ρB
(
2v
(i
Bv
j)
N + v
i
Nv
j
N
)
+ ρN
(
viBv
j
B + 2v
(i
Bv
j)
N + v
i
Nv
j
N
)
= O(ǫ4ℓ−2N ). (101)
Since the order of magnitude of the stress-energy tensor is the same as Eqs. (88)–(90), the
orders of magnitudes of the metric perturbations are given by Eq. (94).
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Then the basic equations for the Newtonian perturbations up to the leading order are
derived from Eqs. (85)–(87), and we have
∂0ρN + ∂i
(
ρNv
i
N
)
+ ∂i
(
ρNv
i
B
)
+ ∂i
(
ρBv
i
N
)
= 0, (102)
∂0v
i
N + v
j
N∂jv
i
N + v
j
N∂jv
i
B + v
j
B∂jv
i
N = −∂iΦN, (103)
∇2ΦN = 4πρN. (104)
Equations (102)–(104) imply that the effects of the background spacetimes appear in the
third and forth terms in the left hand sides of Eqs. (102) and (103) through ρB and v
i
B. Here it
is worthwhile to notice that the background velocity field viB is generated by the background
gravitational field ΦB, or equivalently the background tidal field h
B
00 by Eq. (54), through
Eq. (58). It is expected that the evolutions of Newtonian perturbations reflect the tidal field
of the background huge void in the case of ǫ ≃ κ.
3. In the case of ǫ≪ κ
In this case, the ordering for the Newtonian perturbations is quite different from that in
the previous two cases. The stress-energy tensor up to the leading order is given by
δT 00 = ρN = O(ǫκℓ−2N ), (105)
δT 0i = ρBv
i
N + ρNv
i
B = O(ǫκ2ℓ−2N ), (106)
δT ij = 2ρBv
(i
Bv
j)
N + ρNv
i
Bv
j
B = O(ǫκ3ℓ−2N ). (107)
By using Eqs. (84) and (105)–(107), we obtain the leading order of the equations for the
metric perturbations as
∇2h¯N00 = −16πρN, (108)
∇2h¯N0i = −16π
(
ρBv
i
N + ρNv
i
B
)
, (109)
∇2h¯Nij = −16π
(
2ρBv
(i
Bv
j)
N + ρNv
i
Bv
j
B
)
. (110)
By using Eqs. (105)–(107) and (108)–(110), the order of magnitude of each component of
hNµν is given by
hN00 = O(ǫκ), hN0i = O(ǫκ2), δijhNij = O(ǫκ), hNij −
1
3
δijδ
klhNkl = O(ǫκ3). (111)
We should note that the ordering of hµν in Eq. (111) is quite different from that in Eq. (94).
The basic equations for the Newtonian perturbations up to the leading order are derived
from Eqs. (85)–(87), and we have
∂0ρN + ∂i
(
ρNv
i
B
)
+ ∂i
(
ρBv
i
N
)
= 0, (112)
∂0v
i
N + v
j
N∂jv
i
B + v
j
B∂jv
i
N = −∂iΦN, (113)
∇2ΦN = 4πρN. (114)
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IV. ANALYSIS OF LINEAR NEWTONIAN PERTURBATIONS
In this section, we study the dynamical behavior of Newtonian perturbations whose
amplitude is so small that the linear approximation is available. As shown in the previous
section, the parameter ǫ is necessarily much smaller than the parameter κ, and hence the
basic equations are given by Eqs. (112)–(114) which have already been linearized.
It is worthwhile to notice that, in general, it is very difficult to analytically study the
anisotropic linear perturbations in the background LTB solution. Hence, it is a very non-
trivial subject to study analytically the Newtonian perturbations in the huge void universe
model based on the LTB solution, even if their amplitude is so small that the linear approx-
imation is applicable.
A. Basic equations for the linear Newtonian perturbations
Hereafter we denote the density contrast by δN;
δN :=
ρN
ρ¯
=
ρN
ρB
[1 +O(κ)] . (115)
By using Eqs. (53) and (115), Eqs. (112)–(114) are rewritten in the following forms;(
∂0 + v
j
B∂j
)
δN + ∂jv
j
N = 0, (116)
(
∂0 + v
j
B∂j
)
viN +H
i
jv
j
N = −∂iΦN, (117)
∇2ΦN = 4πρBδN. (118)
We introduce the following kinematical variables of the Newtonian perturbations;
ΘN := δ
ij∂jv
N
i , (119)
σNij := ∂(jv
N
i) −
1
3
δijΘN, (120)
ωNij := ∂[jv
N
i] . (121)
We call ΘN, σ
N
ij and ω
N
ij the expansion, shear and vorticity of the Newtonian perturbations,
respectively. We also introduce the similar variables to the above ones but related to the
background 3-velocity field;
ΘB := δ
ij∂jv
B
i , (122)
σBij := ∂(jv
B
i) −
1
3
δijΘB, (123)
ωBij := ∂[jv
B
i] . (124)
We call ΘB, σ
B
ij and ω
B
ij the expansion, shear and vorticity of the background, respectively.
By using Eqs. (43) and (53), the kinematical variables of the background (122)–(124) are
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given by
ΘB(x
0) = HB‖ (x
0) + 2HB⊥(x
0), (125)
σBij(x
0) =


2σB 0 0
0 −σB 0
0 0 −σB

 , (126)
and
ωBij(x
0) = 0, (127)
where
σB(x
0) :=
1
3
[
HB‖ (x
0)−HB⊥(x0)
]
. (128)
We introduce the Lagrangian coordinates qµ with respect to the background, which are
defined as
x0 = q0 and xi = qi +X i(q0), (129)
where X i(q0) is defined by the following differential equation;
∂X i
∂q0
(q0) = viB(x
0). (130)
We have
∂
∂q0
= ∂0 + v
j
B∂j and
∂
∂qi
= ∂i. (131)
Then, by using these background Lagrangian coordinates, Eqs. (116)–(118) lead to the
following equations for the density contrast δN, the kinematical variables, ΘN, σ
N
ij and ω
N
ij
and the gravitational potential ΦN, as
∂δN
∂q0
= −ΘN (132)
∂ΘN
∂q0
= −2
3
ΘBΘN − 2δijδklσBikσNjl − 4πρBδN, (133)
∂σNij
∂q0
= −2
3
ΘBσ
N
ij −
2
3
ΘNσ
B
ij − 2
(
δklσBk(iσ
N
j)l −
1
3
δijδ
klδmnσBkmσ
N
ln
)
−
(
∂2
∂qi∂qj
− 1
3
δij∇2q
)
ΦN, (134)
∂ωNij
∂q0
= −2
3
ΘBω
N
ij + 2δ
klσBk[iω
N
j]l, (135)
∇2qΦN = 4πρBδN, (136)
where ∇2q is the flat Laplacian operator with respect to qi.
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Equations (132)–(136) are linear partial differential equations with respect to qµ. The re-
markable feature of these equations is that all of the coefficients of the perturbation variables
depend on only q0. Hence, the Fourier transformation is very useful to solve these equations.
The Fourier transforms of the Newtonian perturbations are denoted by the symbols with a
tilde. For example, the density contrast δN is written in the form
δN(q
0, qi) =
∫
d3k
(2π)3/2
eikjq
j
δ˜N(q
0, ki). (137)
From Eqs. (132)–(136), we obtain the equations for the Fourier transforms as
∂δ˜N
∂q0
= −Θ˜N (138)
∂Θ˜N
∂q0
= −2
3
ΘBΘ˜N − 2δijδklσBikσ˜Njl − 4πρBδ˜N, (139)
∂σ˜Nij
∂q0
= −2
3
ΘBσ˜
N
ij −
2
3
Θ˜Nσ
B
ij − 2
(
δklσBk(iσ˜
N
j)l −
1
3
δijδ
klδmnσBkmσ˜
N
ln
)
+
(
kikj − 1
3
k2δij
)
Φ˜N, (140)
∂ω˜Nij
∂q0
= −2
3
ΘBω˜
N
ij + 2δ
klσBk[iω˜
N
j]l, (141)
−k2Φ˜N = 4πρBδ˜N, (142)
where k2 = δijk
ikj . Equations (138)–(142) form a set of the ordinary differential equations
with respect to q0. It should be noted that each Fourier mode is decoupled with the other
modes, and this result is very different from the case of relativistic linear perturbations in
the LTB solution(see, for example [81]).
We have not yet fixed the spatial boundary condition which is necessary for obtaining
an unique solution of the Poisson equation (136). However it should be noted that once we
know the time dependence of δ˜N, σ˜
N
ij , ω˜
N
ij and Φ˜N with all k
i, we can construct solutions with
any boundary conditions by superposing them with appropriate weights, by virtue of the
completeness of eikjq
j
.
B. Evolution of vorticity
First of all, we consider the vorticity of the Newtonian perturbations ωNij . The equation
for the vorticity (141) is decoupled from other equations. This is because the vorticity of
the background ωBij vanishes as shown in Eq. (127). By using Eqs. (125)–(126), Eq. (141) is
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rewritten in the form
∂ω˜N12
∂q0
= − [HB‖ (q0) +HB⊥(q0)] ω˜N12, (143)
∂ω˜N13
∂q0
= − [HB‖ (q0) +HB⊥(q0)] ω˜N13, (144)
∂ω˜N23
∂q0
= −2HB⊥(q0)ω˜N23. (145)
By solving Eqs. (143)–(145), we obtain
ω˜N12(q
0, ki) =
C12(k
i)
aB‖ (q
0)aB⊥(q
0)
, (146)
ω˜N13(q
0, ki) =
C13(k
i)
aB‖ (q
0)aB⊥(q
0)
, (147)
ω˜N23(q
0, ki) =
C23(k
i)
[aB⊥(q
0)]
2 , (148)
where C12, C13 and C23 are arbitrary functions of k
i, and the scale factors, aB‖ and a
B
⊥, are
defined by the differential equations as,
d ln aB‖ (q
0)
dq0
= HB‖ (q
0) and
d ln aB⊥(q
0)
dq0
= HB⊥(q
0). (149)
From the solutions (146)–(148), we can see that the vorticity of the Newtonian perturba-
tions decays as time goes on, since both scale factors, aB‖ and a
B
⊥, grow as time goes on, in
the case of the huge void universe model. It is well known that the linear vorticity decays
as ωij ∝ a−2 in the case of homogeneous and isotropic universe model, where a is the scale
factor of this model. Since the time dependence of scale factors of the huge void universe
model may be significantly different from that of the homogeneous and isotropic universe
model, the evolution of the linear vorticity in the huge void universe model may significantly
differ from that in the homogeneous and isotropic universe model.
C. Evolution of density contrast
In contrast to the equation for the vorticity of the Newtonian perturbations, the equations
for the other variables, δN, ΘN, σ
N
ij and ΦN, that is, Eqs. (138)–(140) and (142), are coupled
to each other. We solve these coupled equations numerically and study the growth of density
contrast δN.
In order to see the evolution of δ˜N, we need Eqs. (138), (139) and the 1-1 components
of Eqs. (140) and (142), but the other equations are not necessary. By using Eq. (126),
the system of the equations necessary for studying the density contrast is obtained in the
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following form;
∂δ˜N
∂q0
= −Θ˜N, (150)
∂Θ˜N
∂q0
= −2
3
ΘBΘ˜N − 6σBσ˜N11 − 4πρBδ˜N, (151)
∂σ˜N11
∂q0
= −4
3
σBΘ˜N − 2
3
ΘBσ˜
N
11 − 2σBσ˜N11 − 4πρB
(
µ2 − 1
3
)
δ˜N, (152)
where µ := k1/k. Once δN, ΘN and σ
N
11 are obtained by solving Eqs. (150)–(152), other
components of the shear σNij and the gravitational potential ΦN can be determined by solving
Eqs. (140) and (142).
We assume that the huge void universe model has the uniform Big-Bang time and ap-
proaches the Einstein de-Sitter universe model for r →∞. This assumption is consistent to
the inflationary scenario. By this assumption, σB almost vanishes, and ΘB and ρB behave as
those in the Einstein-de Sitter universe model, much before the huge void structure becomes
prominent. Hence, Eqs. (150) and (151) in the early stage lead to the well known equation
for the density contrast in the Einstein-de Sitter universe model,
∂2δ˜N
∂(q0)2
+ 2H
∂δ˜N
∂q0
− 4πρEdSδ˜N = 0, (153)
where
H =
2
3q0
and ρEdS ∝ 1
(q0)2
. (154)
There are two independent solutions of Eq. (153); D+ = (q
0)2/3 and D− = (q
0)−1. The
solutions proportional toD+ are called the growing modes, whereas those proportional toD−
are called the decaying modes. Since the decaying modes are observationally unimportant,
hereafter, we neglect them. Then, the solutions of Eqs. (150)–(152) in the early stage are
given by
δ˜N ≃ δ(ki)
(
q0
q0i
)2/3
, (155)
Θ˜N = −∂δ˜N
∂q0
≃ − 2
3q0i
δ(ki)
(
q0
q0i
)−1/3
, (156)
σ˜N11 ≃ −
(
µ2 − 1
3
)
∂δ˜N
∂q0
≃ − 2
3q0i
(
µ2 − 1
3
)
δ(ki)
(
q0
q0i
)−1/3
, (157)
where q0 = q0i denotes the Lagrangian time at which we set initial data for Eqs. (150)–(152).
Hence we fix the initial conditions for Eqs. (150)–(152) as follows;
δ˜N(q
0
i , k
i) = δ(ki), (158)
θ˜N(q
0
i , k
i) = − 2
3q0i
δ(ki), (159)
σ˜N11(q
0
i , k
i) = − 2
3q0i
(
µ2 − 1
3
)
δ(ki), (160)
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where δ(ki) is an arbitrary function of ki. We assume δ(ki) to have a stochastic property
〈δ(ki)δ(k′i)〉 = P (k)δ3D(ki − k′i), (161)
where δD denotes Dirac’s delta function, and P (k) represents the power spectrum. From
Eqs. (150)–(152) and the initial conditions (158)–(160), the density contrast is written in
the form
δ˜N(q
0, ki) = D(q0, µ)δ(ki). (162)
where D(q0, µ) behaves asD ≃ (q0/q0i )2/3 in the early stage and hereafter is called the growth
factor of the density contrast. Since the evolution of the shear σN11 depends on µ, and the
density contrast δN couples to the shear σ
N
11 through the non-vanishing σB, the dependence
of the growth factor D on µ comes from the anisotropy of the volume expansion.
Here, we should recall that the domain we consider is covered by the Fermi-normal
coordinates whose fundamental timelike geodesic agrees with the curve specified by r′ = r′o
with θ′ and φ′ fixed. This fact implies that the background quantities, ρB, H
B
‖ and H
B
⊥
depend on the parameter r′o; ρB(q
0) = ρ¯(t′, r′o), H
B
‖ (q
0) = H‖(t
′, r′o) and H
B
⊥(q
0) = H⊥(t
′; r′o).
Thus, the arguments of the density contrast δ˜N and the growth factor D should be revised
as follows;
δ˜N(q
0, ki; r′o) = D(q
0, µ; r′o)δ(k
i). (163)
The dependence of the growth factor on ro comes from the radial inhomogeneities of the
background huge void universe model.
In order to study the evolution of growth factor D(q0, µ; r′o), we consider a toy version of
the huge void universe model which is, hereafter, called the toy background model. In order
to fix the toy background model, we introduce the density-parameter function Ω(r′) defined
as
Ω(r′) :=
8π
H2⊥(t
′
0, r
′)R3(t′0, r
′)
∫ r′
0
dxρ¯(t′0, x)R
2(t′0, x)∂xR(t
′
0, x), (164)
where t′ = t′0 is the present time. We assume
Ω(r′) = Ωout − (Ωout − Ωin) e−
r′2
2σ2 , (165)
where Ωout = 1.0, Ωin = 0.3 and σ = 0.5t
′
0.
In Fig. 1, we depict the energy density normalized by its value at r′ = 0 on the spacelike
hypersurface specified by the present time t′ = t′0 of this toy background model as a function
of the radial coordinate. It is seen from this figure that the toy background model has a
non-linear void structure whose size is about 0.7t′0 at t
′ = t′0. The vicinity of the symmetry
center r′ = 0 is well approximated by the dust filled FLRW universe model with the density
parameter ΩM = 0.3, whereas the asymptotic region agrees with the Einstein-de Sitter
universe model.
In Fig. 2, the Hubble functions, H‖(t
′, r′) and H⊥(t
′, r′), normalized by their values at
r′ = 0 on the spacelike hypersurface specified by t′ = t′0 in the toy background model are
23
Ρ It0' , r'M
Ρ It0' , 0M
0.0 0.5 1.0 1.5 2.0
1.0
1.2
1.4
1.6
1.8
2.0
2.2
2.4
r
't
0
'
FIG. 1: The energy density ρ¯ on the spacelike hypersurface specified by t′ = t′0 in the toy
background model is depicted as a function of the radial coordinate r′.
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FIG. 2: The Hubble functions, H‖(t
′, r′) and H⊥(t
′, r′), on the spacelike hypersurface specified by
t′ = t′0 in the toy background model as functions of the radial coordinate.
depicted as functions of the radial coordinate. It is seen from this figure that the Hubble
functions take their maximal values at the center r′ = 0, since the energy density ρ¯ takes its
minimal value at r′ = 0.
In Fig. 3, we plot the normalized shear, ∆σ(t
′, r′), defined as
∆σ(t
′, r′) :=
H‖(t
′, r′)−H⊥(t′, r′)
H‖(t′, r′) + 2H⊥(t′, r′)
, (166)
on the spacelike hypersurfaces specified by t′ = t′0 in the toy background model as a function
of r′. We see from this figure that the minimal value of ∆σ(t
′
0, r
′) appears near the edge of
the void structure.
By numerically solving Eqs. (150)–(152) with the initial conditions (158)–(160) for the
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FIG. 3: The normalized shear, ∆σ(t
′, r′), of the toy background model as a function of r′ on the
spacelike hypersurface specified by t′ = t′0.
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FIG. 4: The growth factor D(q0, µ; r′o = 0.6t
′
0) normalized by its value of µ = 0 at the three
moments q0 = 0.01t′0, q
0 = 0.5t′0 and q
0 = t′0 is depicted as functions of µ, in the case of the toy
background model.
toy background model, we obtained the growth factor D(q0, µ; r′o) in the toy background
model.
In Fig. 4, we plot the growth factor normalized by its value of µ = 0 with r′o = 0.6t
′
0 at
the three moments, q0 = 0.01t′0, q
0 = 0.5t′0 and q
0 = t′0, respectively, as functions of µ. From
this figure, we see that the anisotropy of the growth factor, that is, its µ dependence, grows
as time goes on. At the present time q0 = t′0, the anisotropy of the growth factor is about
10%. Thus, we may conclude that non-negligible effects of the background anisotropy on
the growth factor appear in the toy background model and maybe also in the typical huge
void universe model. It is seen from Fig. 4 that the growth factor with µ = 1 is larger that
that with µ = 0. This fact implies that the growth rate of density contrast in the radial
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FIG. 5: The growth factors, D(q0, µ = 0; r′o) as functions of q
0/t′0 at the four radial positions
specified by r′o = 0, r
′
o = 0.4t
′
0, r
′
o = 0.8t
′
0 and ro = 1.2t
′
0, respectively, in the case of the toy
background model .
direction is larger than that in the transverse direction. This is because the expansion rate
of the radial direction, H‖, is smaller than that of the transverse direction, H⊥, in the toy
background model (see Fig. 3).
In Fig. 5, we depict the growth factor of µ = 0 as functions of q0/t′0 at the four radial
positions specified by r′o = 0, r
′
o = 0.4t
′
0, r
′
o = 0.8t
′
0 and r
′
o = 1.2t
′
0. It is seen from
this figure that the growth rate is an increasing function of the radial coordinate r′. This
behavior is understood as a consequence of the fact that the background energy density ρ¯ is
a monotonically increasing function of r′ in the toy background model, since the growth rate
of perturbations are monotonically increasing function of the density parameter ΩM in the
case of the dust-filled FLRW model. It should be noted that the growth factor D(q0, 0; r′o)
at the radial position r′o = 1.2t
′
0 coincides with that in the Einstein-de Sitter model.
V. CONCLUSION AND DISCUSSION
We have studied the Newtonian perturbations in the huge void universe model based on
the LTB solution. First, we introduced the Fermi-normal coordinates in which all physical
and geometrical quantities are expressed in the form of the Maclaurin series. In this coor-
dinate system, the effects of the background spacetime curvature on the perturbations are
treated in the perturbative manner as long as the length scale of the perturbations of our
interest is much smaller than the spacetime curvature radius of the background spacetime.
This approximation scheme is called the tidal approximation. By the tidal approximation,
we have shown that the effects of the spacetime curvature of the background huge void
can be significantly different from those in the homogeneous and isotropic universe model.
This results imply that the local FLRW approximation [43, 64] in which the geometry of
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a sufficiently small region is assumed to be the same as that of the FLRW universe is not
necessarily applicable to the huge void universe model.
The definition of the Newtonian perturbation was given in § I; its self-gravity is so weak
that the linear approximation is applicable to the metric perturbations; the relative velocities
between the elements of the perturbations are much smaller than the speed of light; its size
is much smaller than the spacetime curvature radius of the background. The last condition
guarantees the applicability of the tidal approximation to the Newtonian perturbations. As
in the case of the cosmological Newtonian approximation, the Newtonian perturbations in
the huge void universe model are characterized by two small parameters denoted by ǫ and
κ, respectively, whose definitions are given by Eqs. (1) and (2). Then, by using ǫ and κ
as expansion parameters of the perturbative treatment, we derived the basic equations for
the Newtonian perturbations up to the leading order: the conservation law of the energy,
the Euler equations for the weakly self-gravitating dust and the Poisson equation for the
gravitational potential. The effects of the background tidal forces appear in the derived
basic equations in the form of the anisotropic volume expansion of the background universe
model. These results imply that the evolution of Newtonian perturbations in the huge void
universe model can significantly differ from that in the homogeneous and isotropic universe
model.
We studied the behavior of the density contrast whose amplitude is so small that the
linear approximation is available. It is worthwhile to notice that this subject is very non-
trivial, since the analysis of the linear perturbations in the LTB solution is, in general,
not so easy. By adopting the spatial derivatives of the 3-velocity field instead of the 3-
velocity field itself, and changing the coordinates of the background to the Lagrangian
coordinates, the basic equations for the Newtonian perturbations are rewritten in the form
of Eqs. (132)–(136) which form a set of the partial differential equations with respect to
the Lagrangian coordinates. A remarkable feature is that the coefficients of perturbation
variables in these differential equations depend only on the Lagrangian time. By virtue
of this feature, we can solve this set of the ordinary differential equations by performing
the Fourier transformation with respect to the Lagrangian spatial coordinates, since each
Fourier mode is decoupled from the other Fourier modes. Equations (138)–(142) obtained
by the Fourier transformation of Eqs. (132)–(136) form a set of the ordinary differential
equations with respect to the Lagrangian time. By contrast to the basic equations for
the perturbations in the LTB solution without any other approximations except for the
linearization, the basic equations obtained by the approximation scheme developed here
are very simple and tractable. Then we solved the set of the basic equations (138)–(142)
numerically and revealed the evolution of the vorticity field and the density contrast. We
have shown that the vorticity field necessarily decays by the cosmic volume expansion in the
case of the huge void universe model. This means that the vector mode of the Newtonian
perturbations contains the decaying mode only in the case of the present background model.
We have shown in Figs. 4 and 5 that the growth factor of density contrast significantly
depends on the direction of the wave vector, µ, and the radial position of the perturbations,
r′o. The µ- and r
′
o-dependences reflect the anisotropic volume expansion and the inhomo-
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geneities in the radial direction of the background huge void, respectively. These properties
of the evolution of density contrast are consistent with the results obtained in our previous
works [65, 66] in which a different approximation scheme is adopted. Since the growth factor
of the density contrast in the homogeneous and isotropic universe model is a function of only
t, the dependence of the growth factor on µ and r′o in the huge void universe model can be
a strong discriminator for these two models.
0
Newtonian limit
FLRW limit
1
{R
1
A
FIG. 6: A schematic picture representing a relation between the analysis for perturbations de-
veloped in our previous paper and that in this paper, where A, ℓ and R denote the amplitude
of inhomogeneity of the background huge void model, the length scale of perturbations and the
curvature radius of the background . The region shaded by dashed lines and the region shaded by
solid lines represent domains in which the approximation schemes adopted in our previous work
and in this paper, respectively.
In our previous works [65, 66], we studied the linear perturbations in the huge void uni-
verse model without any distinctions between relativistic and non-relativistic perturbations,
by treating the background huge void as an isotropic perturbation in the background model
of the homogeneous and isotropic universe filled with dust. By contrast, the method of
analysis based on the tidal approximation is applicable, even if the background void struc-
ture is highly nonlinear. In Fig. 6, we have shown a schematic picture representing the
relation between our two independent approaches. Here, A denotes the amplitude of radial
inhomogeneities in the background huge void universe model, that is, the huge void itself,
and ℓ/R denotes the ratio of the length scale of perturbations to the spacetime curvature
radius of the background which is assumed to be almost the same as the size of the void
in the case of the huge void universe model. The region shaded by dashed lines in Fig. 6
represents the domain in which the approximation scheme adopted in our previous works
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[65, 66] is applicable. The region shaded by solid lines in Fig. 6 represents the domain in
which the approximation scheme adopted in the present paper is applicable. We can see
that the region shaded by dot-dashed lines in Fig. 6 is the domain to which neither the
approximation scheme adopted in our previous works nor that adopted in the present paper
is applicable. The system included in this region is composed of relativistic perturbations
in the highly non-linear huge void. The study of perturbations in this region seems to be
difficult without invoking the numerical simulations, and we leave it for a future work.
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